Aligned finger structures, with a characteristic width, emerge during the slow drainage of a liquid/granular mixture in a tilted Hele-Shaw cell. A transition from vertical to horizontal alignment of the finger structures is observed as the tilting angle and the granular density are varied. An analytical model is presented, demonstrating that the alignment properties is the result of the competition between fluctuating granular stresses and the hydrostatic pressure. The dynamics is reproduced in simulations. We also show how the system explains patterns observed in nature, created during the early stages of a dyke formation. * jonaerik@fys.uio.no 1 arXiv:1605.07436v2 [physics.flu-dyn]
I. INTRODUCTION
liquid/granular mixture during drainage of a Hele-Shaw cell at shallow tilt angles. The receding interface accumulates a front of granular material, and an instability caused by a competition between capillary and frictional forces results in an emerging pattern of frictional fingers -canals of air separated by branches of compacted grains [13, 23, 24] . The symmetry breaking by gravity on the tilted system causes a stabilization of the drainage front and a resulting directionality and alignment of the finger structures.
We find that the key to the finger alignment direction is a competition between gravity and fluctuations of the inter-granular stresses. Analogous to drainage in porous media [10] , random fluctuations in threshold pressures cause a disruption of the stabilizing effect of gravity. However, unlike porous media, there is in our system a spontaneous emergence of a characteristic length, the finger width, 2Λ (Λ denotes half the finger width). The magnitude of the disruption of the invasion front becomes a relative quantity with respect to this length scale. We show that the basic assumption that the effective granular friction stresses at the interface arises as a sum of a set of uncorrelated random contributions, is sufficient to give a theoretical prediction of the transition between the different pattern morphologies.
We also show how the pattern forming mechanism provides a new understanding of the small-scale flow properties during magmatic dyke formations, i.e. the penetration of a sheet of magma into a fracture of a pre-existing rock body. The small-scale flow properties during this formation, when magma interacts with the host rock, is largely unknown [26] , as the formation occurs deep beneath the Earth's crust. Rock faces in the Israeli desert [27, 28] display aligned finger structures which were formed during a dyke formation. The structures have previously been attributed to viscous fingers, due to the Saffman-Taylor instability [2] , between the fluidized host rock and a less viscous dyke-related fluid in front of the invading magma [28] . We hypothesize here, that intergranular frictional forces between quartz grains in the fluidized host rock, and not viscous forces of the fluids, govern the formation of the pattern.
II. THE EXPERIMENT
Consider a rectangular 200 × 300 mm 2 Hele-Shaw cell with a gap spacing h = 0.5 mm the outlet at the base at constant withdrawal rate q = 0.07 ml/min, using a syringe pump (WPI, Aladdin 1000). The withdrawal rate is slow enough to leave the layer of grains along the air/fluid interface undisturbed by the fluid flow. As fluid is slowly drained, air starts to invade, and the meniscus along the elevated open edge of the cell gradually recedes. The system is imaged from underneath using a PL-B742U Pixelink camera, and illuminated by a white screen placed above. Compacted granular material appears dark in the images, and empty regions of the cell appear white.
As the air displaces the liquid, grains accumulate along the air-liquid interface and fill the cell gap, forming a dense pack in a region adjacent to the interface which we refer to as the front (see Fig. 1 ). Only a small section of the interface moves at any given time, and the motion consists of incremental displacements, as the air fills an ever-increasing volume.
A moving section tends to continue its motion over many consecutive increments before it stops and the motion continues at another section. The interface develops frictional fingers of air surrounded by a front [13, 23, 24] , with a characteristic finger width. When different fingers move towards each other, their fronts combine, and their interfaces stagnate. The evolution continues until either the whole cell is filled with air and stagnant fronts, or the air reaches the outlet.
When the cell is fixed horizontally (α = 0 • ), the finger directions are disordered and isotropic, and the resulting patterns are labyrinth structures of stagnant fronts [23, 24] .
When the cell is tilted, the frictional fingers tend to align [29] . The direction of alignment changes as we vary α or φ. . We note that these patterns looks remarkably similar to patterns generated when simulating retraction of a dewetting suspensions [31] , although the setup is completely different.
As we increase φ and reduce α, we observe a gradual transition in the alignment; the fingers tend to grow with a directional component transverse to the hydrostatic pressure gradient. In the intermediate range of φ and α, hydrostatic stabilization of the front occurs, but local pressure fluctuations enables some fingers to get ahead. Sideways growth is preferred for a finger that extends beyond its neighbors due to the hydrostatic pressure gradient. The finger which manages to get ahead fills a larger fraction of the horizontal direction, and advances layer by layer, creating a pattern of horizontal lines ( 
III. MODEL
As the dynamics are manifested by incremental movements of confined regions of the interface, it is reasonable to assign a yield pressure threshold to every point along the interface. When the pressure difference at the interface exceeds the threshold at the weakest point along the interface, the interface locally to that point deforms and moves a small step towards the liquid phase. This approach has successfully modeled labyrinth patterns in a similar setup [23, 24] , but without considering the hydrostatic pressure differences induced by the tilting of the cell. In order of quantify the yield pressure threshold, we will assign two local parameters to the interface: the front thickness L and the apparent in-plane curvature κ.
The front thickness, L, is the distance from the air-liquid interface, in the perpendicular direction, to the region of the liquid mixture where the beads no longer fills the whole cell gap (see Fig. 1 ). Note that the packing of beads in the front remains in a static configuration before a potential movement. We assign a yield stress σ Y (L) to every point along the interface, which captures the static frictional properties of the front. To be precise, σ Y is the yield stress acting normal to the plane which approximate the air/liquid interface. This yield stress has previously, in the context of labyrinth patterns [24] and of plug formations in narrow tubes [32] , been assumed to be exponentially increasing in front thickness L. The exponential behavior can be justified by considering Janssen's model for stresses in packings of grains, which assumes a linear relationship between the principal stresses in the packing, in conjunction with the static Coloumb frictional stresses at the plate boundaries of the cell.
The yield stress may also have a curvature dependence, as described in Ref. [25] . In the following, we will, however, describe the yield stress as a linear function in L,
for simplicity. The numerical comparison to the experimental behavior in the subsequent section, will validate this approximation as sufficient for the range of parameters that we consider here. The expression in the equation above has two interpretations. We can interpret it as a linearization of a more complicated function of L, e.g. the exponential behavior assumed in [24, 32] . Alternatively, we can interpret the yield stress as a sum of consecutive force bearing arc chains [33] which transmit frictional stresses, σ ξ , from the cell plates to the beads at the air-liquid interface. The characteristic length of these chains is ξ, and the total number of chains scales with the size of the front and therefore linearly in L.
The air-liquid surface tension at the interface acts at two different scales. At the small scale, the interface makes bridges between wetting beads. Each point on a meniscus can be characterized by two principal radii of curvature. By the Young-Laplace equation, the pressure drop over a meniscus is proportional to the mean of the principal curvatures. This means that in a static configuration, each meniscus has the exact same mean curvature, up to differences in the hydrostatic liquid potential, which we can ignore in a horizontally oriented cell.
At a larger scale, we can identify a curvature which is averaged over several neighboring beads. For our Hele-Shaw setup, the principle directions of the average curvature are the in-plane and the out-of-plane directions with respect to the cell plane. We will disregard the curvature component in the out-of-plane direction of the cell, i.e. the curvature of the interface as it is illustrated in the cross section in Fig. 1 b. The out of plane curvature is supposed roughly constant, i.e. the surface stress related to this component is constant along the in-plane direction of the interface, and does, at our level of description, only contribute to a constant global pressure drop. It plays no role when we later need to determine the minimal yield stress.
The large scale surface behavior, i.e. the surface behavior averaged over many neighboring inter bead menisci, can be characterized by an effective surface tension γ [24] . The effective tension acts against the increase of the apparent interface area during the displacement process, and the associated pressure difference is simply γκ.
We can now quantify the local yield pressure threshold. Let ∆p be the difference between the air pressure, p air , which is considered constant, and the liquid pressure at the outlet of the cell, p outlet . We assume that a section of the interface is mobilized if
The first and second terms on the right hand side is the effective surface stress and the yield stress [Eq. (1)] described above. The last remaining term is the hydrostatic pressure relative to the base of the cell, y is a coordinate running along the cell from the outlet, g is the gravitational acceleration and ρ is the liquid density. This amounts to say that the local pressure in the fluid behind the meniscus, p air − γκ, is equal to the sum of the solid and the fluid stress there. The fluid stress there is p outlet − yρg sin α, Hence, the solid stress there is σ ⊥solid = p air − (p outlet − yρg sin α) − γκ If the solid stress is equal or larger than σ ξ /ξL, the grain pack slides locally. The pressure difference, ∆p, will increase when the whole interface remains static and liquid is drained from the system. The next moving section, at any given time, is identified by local parameters κ, L and y, which minimizes the right hand side of Eq. (2). As the section yields and moves a small step towards the liquid, the local parameters are changed due to the deformation and the accumulation of new beads onto the front.
A. Numerical Validation
We can reproduce the experimental behavior in a numerical simulation. The numerical scheme has previously been used to simulate finger behavior in a flat cell [33] . We present here a summary of the numerical strategy, and the modifications which are needed for the tilting of the cell. Further details of the numerical scheme are described in Ref. [33] .
The fluid interface (i.e. the boundary of the gas phase), can be represented as a chain of nodes, labeled by an index i, where each node carries information of the spatial coordinates (x i , y i ), and its nearest neighbors, i ± 1. Such a chain can conveniently be implemented like a doubly linked list. We couple this chain of nodes to a two dimensional mass field, representing the grains. The complete filling of the cell gap, i.e. the region which constitutes the front, is indicated by the region of the mass field which exceeds a threshold value. We make sure that the region of the mass field adjacent to the chain, i.e. the region of the front, exceeds this threshold in the initial configuration of the system. The imposed dynamics described below will maintain this state.
For each node we can identify the two local properties. First, the local front length L i is represented as the shortest distance from any given node, to a cell in the mass field which take a value below the threshold. This cell will be referred to as the link cell associated to the node. Second, we can approximate the local curvature, κ i , at node i, by numerical differentiation of a spline approximation of the nearest and next nearest neighbors {i, i ± 1, i ± 2}. By discretizing the right hand side of Eq. (2), we can now identify a pressure threshold T i for each node,
The dynamics of the system is generated by iteratively moving the node with the minimal value of T i , an infinitesimal distance towards the fluid phase, in the perpendicular direction to the interface. At each step we need to accumulate new beads from the initial distribution to the front. This can be achieved by adding the gathered bead mass which corresponds to the infinitesimal displacement, to the link cell of the node. If this cell reaches the threshold value, a new link cell will be assigned, and the rest mass will be distributed there. This approach will make sure the bead mass field is conserved. The chain is interpolated with new nodes as the interface grows, keeping the resolution of the representation of the interface constant, and the local quantities, κ i and L i , are recalculated in a neighborhood along the chain near the moving node.
Note that there is no time in this numerical approach. We can, however, estimate the time from the volume of the air phase, as we know that the drainage rate q is constant.
This allows us to compare the experimental results to the numerical simulation during the evolution of the patterns. The dynamics is deterministic, and the random behavior is a We use σ ξ /ξ = 16 kPa/m, which is an estimate based on comparison between experimental results and the theoretical expression for finger width [33] . For the effective surface tension we use γ = 60 mN/m [24] . The similarity between the simulated and experimentally observed patterns (Fig. 4) validates our theoretical understanding. A noticeable difference between simulations and experiments is that liquid pathways in the front may break, resulting in isolated pockets of liquids in the experiments at high φ/low α. These effects are not accounted for in the simulation, as we locally only track the interface and the grains, not the fluids.
B. Transition of alignment direction
To understand the transition between horizontally and vertically oriented finger behavior,
we need first to quantify the variations in the yield pressure threshold [Eq. (2)]. It is hard to quantify the exact numerical value of these variations, but it will suffice for our purposes to determine how the variations scale with L. We will assume that these variations are We can compare these variations to the hydrostatic pressure difference over a horizontally oriented finger. The finger width is 2Λ, and the corresponding hydrostatic difference is 2Λgρ sin α. The ratio between the standard deviation of the yield stress, and the hydrostatic difference of a horizontally oriented finger is therefore,
This ratio indicates the behavior of the alignment. When the contribution of stress fluctua-tions is comparable to the stabilizing pressure (η 1) a finger can get ahead of its neighbors and grow sideways, orthogonal to the direction of gravity. For η < 1, the fluctuations fail to disrupt the side-by-side finger growth. For η > 1, the fluctuations dominate over the stabilizing effect, and the alignment is lost. We can only estimate η up to a multiplicative constant, as the numerical value of the stress variations of σ Y is hard to identify. This will, however, suffice for identifying the contour lines in the (α, φ) plane, which have similar alignment properties. To identify these contour lines, we first need to express Λ and L in terms of φ.
Let A and C be respectively the area and the circumference of the air phase, as seen from above, and let h be the cell gap. The pattern is dominated by finger structures, such that
We assume that L is approximately constant along the interface, such that CL is the total area of the front. Mass conservation gives that h(CL + A)φ = hCL, which under the substitution Λ = A/C, implies that
A more detailed derivation, which differentiates between the front thickness at the sides and the tip of the fingers, yields correction terms to this expression (see Ref. [33] ).
The work of a typical displacement, δw, has two contributions when we set α = 0 for simplicity. First, the stretching of the interface contributes with γh δC, where δC = δA/Λ, which follows from the assumption of constant Λ. Second, the work done against the granular stresses, σ, in the front, is hs δx σ, where s is the typical width of a moving segment and δx is the distance the interface advances such that sδx = δA. We can approximate σ, by the yield stress, σ Y [Eq. (1)]. Putting the terms together, and dividing by the displacement duration, gives the work rate,
where hδA/δt equals the constant compression rate, when averaged over many stick-slip events. Substituting Eq. (5) and minimizing Eq. (6) with respect to Λ gives which corresponds to the assumption that the pattern evolves in a way that minimizes the work. This implies
We can now use Eqs. (5) and (8) 
Indeed, contours of constant η correspond to equal qualitative alignment behavior, as shown in Fig. 4 .
IV. APPLICATION: FLOW IN DYKES
We now turn to the relevance of this system to magmatic flow during dyke formations.
A (magmatic) dyke is an approximately two-dimensional sheet-like body of magma, which has penetrated a pre-existing body of rock in a direction which is perpendicular to the bedding planes (i.e. the planes of the sediments). A striking example of a dyke formation is found in the Inmar formation in the desert in southern Israel. There, the igneous rock (i.e.
the solidified magma) of the dyke has eroded away, and the erosion resistant dyke walls, made by quartzitic sandstone, are exposed. These walls display a rich network of finger structures [27, 28] . The ridges contain a closely packed concentration of quartz grains (100-500 µm diameter)
cemented by iron oxides and kaolinite, in contrast to the relatively low concentration of quartz grains (similar in composition) in the rock near the grooves (see Fig. 12 in Ref. [28] ).
The finger structures indicate that the sandstone was fluidized during the formation while these quartz grains were preserved as solid, and that the grains were accumulated onto stagnant regions adjacent to the interface of the invading magma, which initially filled the grooves.
The finger formation in these dykes has previously been explained as viscous fingers due to the potential viscous contrast between an invading dyke-related fluid and the fluidized host rock [28] . Viscous fingers in porous media are, however, known to display fractal invasion patterns with no intrinsic length scale [4] [5] [6] , whereas the fingers on the dyke walls display a characteristic width. The similarity of these dyke wall fingers to the aligned finger structures observed in our experimental setup, suggests that the fingers are generated by inter granular friction between the quartz grains and accumulation of these grains onto stagnant fronts.
The relevance of our system to the structure in the Inmar formation is further substantiated by the similarity in the features of the resulting pattern. In particular we observe similar tip-splitting and termination properties [ 
V. CONCLUSION
We have described a new type of pattern forming flow, where grains are accumulated by a moving interface, which, when subject to a stabilizing potential, forms aligned finger structures. We identify the finger width by a work minimization principle, and can estimate the alignment direction by the competition between frictional force fluctuations and the hydrostatic pressure. The dynamics is quasi-static; it depends on granular friction rather than viscosity. The patterning process seems to be independent of whether the invading fluid is a gas or a liquid, as long as the phases are immiscible. We can reproduce the finger behavior numerically by accounting for the hydrostatic pressure, grain accumulation, solid friction and capillary forces. As our model only contains geologically ubiquitous mechanisms, it may be relevant for a number of biphasic flow phenomena confined to planar fractures, in particular multiphase flow during dyke formation that leave imprints of the finger formation as solidified granular residue on the dyke walls.
